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Under the Born–Markov approximation, a qubit system, such as a two-level atom, is known to un-
dergo a memoryless decay of quantum coherence or excitation when weakly coupled to a featureless
environment. Recently, it has been shown that unavoidable disorder in the environment is responsi-
ble for non-Markovian effects and information backflow from the environment into the system owing
to Anderson localization. This turns disorder into a resource for enhancing non-Markovianity in
the system–environment dynamics, which could be of relevance in cavity quantum electrodynam-
ics. Here we consider the decoherence dynamics of a qubit weakly coupled to a two-dimensional
bath with a nontrivial topological phase, such as a two-level atom embedded in a two-dimensional
coupled-cavity array with a synthetic gauge field realizing a quantum-Hall bath, and show that
Markovianity is protected against moderate disorder owing to the robustness of chiral edge modes
in the quantum-Hall bath. Interestingly, switching off the gauge field, i.e., flipping the bath into a
topological trivial phase, allows one to re-introduce non-Markovian effects. Such a result indicates
that changing the topological phase of a bath by a tunable synthetic gauge field can be harnessed to
control non-Markovian effects and quantum information backflow in a qubit-environment system.
I. INTRODUCTION
Relaxation and decoherence dynamics in open quan-
tum systems is attracting a continuous and increasing
interest since more than three decades, with major rele-
vance both in foundations of quantum physics, such as for
the explanation of spontaneous quantum decay and the
quantum to classical transition [1], as well as for a wide
variety of physical problems ranging from quantum engi-
neering to many-body systems and quantum information
science [2, 3], where irreversible dynamical behaviors such
as energy dissipation, relaxation to a thermal equilib-
rium, and decay of quantum coherence and correlations
are commonplace. In the majority of cases, where sys-
tem and environment time scales are widely separated,
the evolution of the reduced density matrix of a quan-
tum system weakly coupled to a featureless environment
is governed by a master equation of the Lindblad form,
which describes a memoryless dynamics typically lead-
ing to an irreversible loss of quantum features. However,
with recent advances in quantum technologies and quan-
tum engineering memory effects are becoming experi-
mentally relevant. Therefore, great interest is currently
devoted to the search and control of memory effects in
large environments, as well as the development of theo-
retical tools to quantify the amount of non-Markovianity
[4–7]. Strong system–environment coupling, edge effects
and structured reservoirs are the most common causes of
memory effects and revivals of genuine quantum proper-
ties such as quantum coherence and entanglement [4–6].
In some recent works, it has been suggested and demon-
strated that disorder in the bath can be exploited to re-
alize strong coupling conditions for light–matter interac-
tion [8, 9] and to enhance non-Markovian effects [10, 11]
owing to Anderson localization [12]. Likewise, memory
effects driven by a metal-insulator phase transition has
been predicted to occur in a bath described by an in-
commensurate quasi periodic potential [13], and the im-
pact of long-range disorder on the creation and distribu-
tion of entanglement has been investigated as well in a
spin chain model [14]. The interplay between many-body
interaction and localization, quantum phase transitions
and non-Markovianity has been theoretically investigated
as well in some recent works [15–18]. Most of previous
studies on memory effects in open quantum systems deal
rather generally with a topologically trivial environment.
The interplay between topological order, quantum de-
cay and non-Markovianity is a largely unexplored area
of research, which is just being considered in some re-
cent works [19–24]. Topological phases of matter are the
most active research fields in modern condensed matter
physics, photonics and several other areas of physics [25–
41], and the ability of engineering a quantum bath to be
topologically nontrivial is expected to become of experi-
mental relevance in the near future. Some nontrivial fea-
tures are expected to arise when the excitation decay or
decoherence occur into a topologically nontrivial contin-
uum [16–18]. The interplay between disorder and topo-
logical order is a subject of great interest [42–50]. In par-
ticular, chiral edge states in two- and three-dimensional
topological insulators are known to be rather generally
robust against mild to moderate disorder in the system
[42], while quite remarkably disorder can introduce non-
trivial topological phases in systems that are topologi-
cally trivial in the crystalline phase (i.e., without disor-
der), leading to so-called topological Anderson insulators
[47–50].
In this work we investigate the decoherence and non-
Markovian dynamics of a qubit interacting with a quan-
tum bath with reconfigurable topological phase and with
disorder. The main result of our analysis is that, while
in a topologically-trivial quantum environment disorder
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FIG. 1. (color online) Schematic of a two-dimensional semi-
infinite square lattice of optical resonators with resonance fre-
quencies ωc + δωn,m, nearest-neighbor evanescent field cou-
pling κ, and artificial gauge field ϕ. A two-level atom (qubit)
with resonance frequency ω0 close to ωc is embedded in one of
edge resonators at site n = m = 0. The array is infinitely ex-
tended in the y direction. For a non-vanishing gauge field ϕ,
the coupled-resonator array realizes a topological nontrivial
bath interacting with the qubit.
induces strong memory effects owing to Anderson local-
ization [10], flipping the topological phase of the bath
into a non-trivial protects Markovianity against disorder
in the system. The main idea is illustrated by consider-
ing the decoherence of a two-level atom embedded in an
edge resonator of a two-dimensional array of coupled op-
tical cavities with a reconfigurable synthetic gauge field,
which realizes a two-dimensional quantum Hall environ-
ment [25]. Our results indicate that reconfigurable topo-
logical baths in connection with disorder can be exploited
to controlling (either suppressing or enhancing) memory
effects in open quantum systems.
II. MODEL AND DECOHERENCE DYNAMICS
We consider a semi-infinite two-dimensional square ar-
ray of coupled optical resonators and a qubit, such as a
two-level atom, embedded in a boundary resonator of the
array, as schematically shown in Figure 1. A synthetic
gauge field is applied to the square lattice resonator so
as to introduce Peierls′ phases and a non-vanishing ef-
fective magnetic flux ϕ in each plaquette of the array,
thus realizing a photonic quantum-Hall topological insu-
lator with chiral edge modes. The artificial gauge field
can be accomplished, for instance, by dynamic modula-
tion, using auxiliary cavities, or by other means, as dis-
cussed and demonstrated in several recent works [37, 51–
60]. We also mention that different types of reconfig-
urable two-dimensional photonic lattice configurations,
with controllable switching between topologically trivial
and non-trivial phases, have been suggested and demon-
strated in several other different photonic setups [61–66].
The bath into which the qubit is coupled is thus rep-
resented by a two-dimensional quantum-Hall (Harper–
Hofstadter) system, which shows a non-trivial topologi-
cal phase and chiral edge states for rational values of the
non-vanishing magnetic flux. The Hamiltonian of the
system (with ~ = 1) reads
Hˆ = Hˆp + Hˆbath + HˆI (1)
where
Hˆp = ω0σ+σ− (2)
is the Hamiltonian of the two-level atom with resonance
frequency ω0, σ± are the raising and lowering operators
of ground (|g〉) and excited (|e〉) levels,
Hˆbath =
∑
n,m
(ωc + δωn,m)aˆ
†
n,maˆn,m + (3)
+ κ
∑
n,m
{
aˆ†n,maˆn+1,m + aˆ
†
n,maˆn,m+1 exp(2piinϕ) +H.c.
}
is the Hamiltonian of the photon field in the resonator
array (coupling constant κ, cavity resonance frequency
ωc, and synthetic magnetic flux ϕ), and
HˆI = ∆
(
σ+aˆ0,0 + σ−aˆ
†
0,0
)
(4)
is the interaction Hamiltonian in the rotating-wave ap-
proximation. In the above equations, aˆ†n,m and aˆn,m are
the creation and destruction operators of the single-mode
photon field in the (n,m) resonator of the semi-infinite
array, with m = 0,±1,±2,±3, ... and n = 0, 1, 2, 3, ...,
δωn,m describes some deviations (disorder) of the cavity
resonance frequency of resonator (n,m) from the refer-
ence value ωc, ∆ is the atom–photon coupling strength,
and the two-level atom is embedded in the (n = 0,m = 0)
edge resonator of the array (Figure 1). We assume that
at initial time t = 0 the atom is prepared in the excited
state while the photon field in the square lattice is in the
vacuum state, i.e., |ψ(0)〉 = |e〉⊗|0〉. Apart from a phase
term rotating at the frequency ω0, the evolved state at
time t is given by
|ψ(t)〉 = q(t)|e〉 ⊗ |0〉+ |g〉 ⊗
(∑
n,m
αn,m(t)aˆ
†
n,m|0〉
)
(5)
where the amplitudes q(t) and αn,m satisfy the coupled
equations
i
dq
dt
= Ωq + ∆α0,0 (6)
i
dαn,m
dt
= H(QH)αn,m + ∆δn,0δm,0q (7)
(m = 0,±1,±2, ..., n = 0, 1, 2, 3, ...) with the initial con-
dition
q(0) = 1, αn,m(0) = 0. (8)
In Equations (6) and (7), H(QH) is the Hamiltonian of
the quantum-Hall bath, i.e.,
3H(QH)αn,m = δωn,mαn,m + κ {αn+1,m + αn−1,m + exp(2piinϕ)αn,m+1 + exp(−inϕ)αn,m−1} . (9)
and
Ω ≡ ω0 − ωc (10)
is the frequency detuning between the resonance fre-
quency ω0 of the two-level atom and the reference fre-
quency ωc of the optical mode of the resonators in the
array. Clearly, |q(t)|2 is the probability that the two-
level system remains in the excited state at time t.
More generally, if at initial time the qubit is in a mixed
state described by the density matrix ρi,k = 〈i|ρ(0)|k〉
(i, k = g, e) and the photon field in the resonator lattice
is in the vacuum state, the reduced density matrix ρ(t) of
the qubit at time t, obtained after tracing out the lattice
degrees of freedom, reads
ρ(t) =
( |q(t)|2ρee q(t)ρeg
q∗(t)ρge (1− |q(t)|2)ρee + ρgg
)
. (11)
Therefore, the coherence of the qubit decays as ∼ |q(t)|,
where q(t) is the solutions to Equations (6) and (7) with
the initial conditions defined by Equation (8). Oscil-
lations in the decay behavior of q(t) correspond to a
periodic reflux of information from the bath back to
the qubit, which can be studied in terms of a non-
Markovianity quantifier N [67, 68] . Such a quantifier
of memory flow-back is based on the observation that in
Markovian processes the distinguishability between pairs
of quantum states decreases in time, and can be defined
as the integral of d|q(t)|/dt extended over the time inter-
vals where the derivative |˙q(t)| is positive. As discussed
in previous works [10, 24], persistent oscillations in the
behavior of q(t), such those arising from Anderson local-
ization in the continuum bath, would lead to a divergence
of the non-Markoviantity quantifier. A simple regulariza-
tion procedure is to introduce the temporal average [24]
NT = 1
T
∫ T
0 ˙|q|>0
dt
d|q(t)|
dt
, (12)
where the integral is extended over the time intervals
where the derivative (d|q|/dt) is positive.
III. CONTROL OF QUANTUM
NON-MARKOVIANITY BY A GAUGE FIELD
The decoherence dynamics of the quit and the non-
Markovianity quantifier NT are determined by the decay
behavior of q(t), which requires to numerically compute
the solution to the infinite- dimensional coupled Equa-
tions (6) and (7) with the initial condition (8). In this
section we unveil the major impact of the synthetic gauge
field on the decoherence dynamics in the presence of dis-
order in the bath. Before discussing the main numerical
results, it is useful to provide a simple physical explana-
tion of the impact of the gauge field on the decay behavior
of q(t). To this aim, let us first assume that there is not
any disorder in the bath, i.e., δωn,m = 0 in Equation (9).
In this case, owing to the translation invariance of the
bath along the y direction, the scattering states ψn,m of
the Hamiltonian H(QH), satisfying the eigenvalue equa-
tion H(QH)ψn,m = E(ky)ψn,m, are of the form
ψn,m = An exp(ikym) (13)
(−pi ≤ ky < pi) where An and the eigen-energy E(ky)
satisfy the famous Harper–Hofstadter equation [69, 70]
κ(An+1+An−1)+2κ cos(2piϕn+ky)An = E(ky)An (14)
with n = 0, 1, 2, 3, .. and with the boundary condition
A−1 = 0. For ϕ = 0, the eigenstates of Equation (14) are
scattering states, given by An = sin[(n+1)kx], with−pi ≤
kx < pi, while there are not any bund state localized near
the edge n = 0. In this case the energy spectrum of
H(QH) is gapless and defined by the simple dispersion
relation
E(kx, ky) = 2κ cos(kx) + 2κ cos(ky) (15)
showing a single band of width 8κ as the wave num-
ber ky varies from −pi to pi (Figure 2a). By varying
the phase ϕ the energy spectrum E(ky) shows a fractal
structure, known as the Hofstadter butterfly [70]. For
ϕ 6= 0, the model explicitly breaks time-reversal symme-
try because of the Peierls phase factors, which leads to
the appearance of topologically non-trivial energy bands,
i.e., bands characterized by a non-vanishing Chern num-
ber [25]. For rational values of ϕ = p/q, the band
(15) splits into q magnetic sub bands with a wide fam-
ily of topologically-protected quantum Hall chiral edge
states [25]. For example, for p = 1 and q = 4, the en-
ergy band (15) splits into four magnetic sub bands, with
two wide gaps sustaining topologically-protected chiral
edge states propagating in opposite directions, as shown
in Figure 2b.
To unveil the very different decay behavior in the pres-
ence of disorder for the topologically-trivial bath ϕ = 0 of
Figure 2a and the topologically non-trivial bath ϕ = pi/2
of Figure 2b, let us assume that the frequency detun-
ing Ω of the two-level atom [Equation (10)] falls inside a
wide magnetic gap of the topological quantum Hall bath
(see the horizontal dashed curves in Figure 2). Clearly,
in the ϕ = 0 case the two-level atom decay arises from
the coupling with the two-dimensional scattering states
of the bath at frequency in the band close to Ω, while for
4FIG. 2. (color online) Energy dispersion curve E = E(ky) of the Harper–Hofstadter eigenvalue Equation (14) versus the wave
number ky in the translational invariant direction y for (a) ϕ = 0, corresponding to a topologically trivial bath, and (b) ϕ = p/q
with p = 1 and q = 4, corresponding to a topologically nontrivial bath. In (b) the single tight-binding band of (a) splits into
q = 4 magnetic narrow bands with non vanishing Chern numbers, separated by three gaps. In the upper and lower wide gaps
chiral edge states, with opposite propagation directions, are clearly observed. The dashed horizontal line denotes the frequency
detuning Ω of the qubit.
5ϕ = pi/2 the decay arises from the coupling with the chi-
ral edge states of the bath (rather than with bulk states).
For a weak coupling ∆  κ and in the absence of dis-
order, the decoherence dynamics is Markovian for both
ϕ = 0 and ϕ = pi/2, as shown in Figure 3. The slightly
faster decay rate in the topological trivial case ϕ = 0 is
basically due to a larger density of states at frequency
Ω, and the decay law becomes closer to an exponential
law, with a decay rate given by the Fermi golden rule,
as the coupling atom-field coupling ∆ becomes smaller.
Since disorder acts very different for bulk end edge chiral
states, we expect a very distinct behavior in the deco-
herence dynamics for the disordered lattice when tuning
the magnetic flux from ϕ = 0 to ϕ = pi/2. This is il-
lustrated in Figure 4, where the detuning δωn,m of res-
onance frequencies is assumed to be a random number
with zero mean and uniform distribution in the inter-
val (−δ, δ). For a lattice with weak-to-moderate disorder
(|δωn,m| smaller than ∼ κ), Anderson localization arises
in the bulk states of the topologically-trivial bath of Fig-
ure 2a, thus leading to noticeable non-Markovian dynam-
ics because of Rabi-like flopping as previously shown in
Ref. [10]. This is clearly shown in Figure 4a, which
depicts the numerically-computed behavior of the pop-
ulation decay laws |q(t)|2 and corresponding values of
the non-Markovian quantifier NT for 20 different real-
izations of disorder. Note the dependence of the decay
dynamics on the disorder realization and the appearance
of oscillations. On the other hand, when the magnetic
flux is tuned to ϕ/2, the chiral edge states are robust
against localization and the Markovianity of decoherence
dynamics is protected, as shown in Figure 4b. The lower
panels in Figure 4 show the statistical distribution of the
non-Markovian quantifier, for ϕ = 0 and ϕ = pi/2, as ob-
tained by considering 1000 different realizations of dis-
order in the lattice. Clearly, in the topologically non-
trivial phase the statistical distribution is almost fully
squeezed toward NT = 0, indicating that with probabil-
ity higher than ∼ 98% the decay remains Markovian de-
spite the disorder. The rare event where decay becomes
non-Markovian in the ϕ = pi/2 phase occurs when the
disorder is strong in the neighborhood of the resonator
n = m = 0 of the lattice, which locally perturbs the chiral
state with energy flow back into the two-level atom, while
disorder in resonator frequencies far from the n = m = 0
resonator does not substantially alter the decay dynam-
ics. On the other hand, in the trivial phase ϕ = 0 disorder
induces localization of bulk eigenmodes of the 2D lattice
and non-Markovianity is enhanced because of Rabi-like
flopping dynamics between the qubit and near-resonant
localized bulk modes. We note that the same scenario
of disorder-induced non-Markovianity would be observed
if the qubit were coupled to a topologically-trivial 1D
tight-binding lattice with non-chiral propagating modes,
as previously shown in [10].
It should be also emphasized that, for the observa-
tion of topological protection of Markovianity, it is cru-
cial that the qubit is primarily coupled to the chiral edge
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FIG. 3. (color online) Decay dynamics of the two-level atom
in a two-dimensional bath (behavior of |q(t)|2 versus nor-
malized time κt) in the absence of disorder for (a) ϕ = 0
(topologically-trivial bath), and (b) ϕ = pi/2 (quantum-Hall
bath). Solid and dashed curves refer to the normalized atom-
field couplings ∆/κ = 0.2 and ∆/κ = 0.1, respectively. De-
tuning is set at Ω/κ = −3/2.
states of the quantum Hall bath in the non-trivial regime,
i.e., that Ω falls inside a magnetic gap of the quantum
Hall insulator (Figure 2b). Indeed, if the qubit were sig-
nificantly coupled to bulk modes, one would observe a
less pronounced difference between the two phases.
As the disorder strength δ is increased to values larger
than ∼ 1 − 2κ, the quantum Hall bath becomes an An-
derson insulator and chiral edge states are destroyed,
i.e., all states become localized [43, 44]. Hence, in the
strong disorder regime we do not expect a substantial
different dynamical behavior, in terms of quantum decay
and non-Markovianity, between the ϕ = 0 and ϕ = pi/2
magnetic fluxes. This is confirmed by numerical simu-
lations, as shown in Figures 5 and 6. Figure 5 shows
a few examples of decay dynamics and statistical dis-
tribution of the non-Markovianity quantifier NT , over
1000 realizations of disorder, for a disorder strength in-
creased to δ = 5κ. Note that in this case strong non-
Markovian features are clearly visible both for ϕ = 0 and
ϕ = pi/2, i.e., topological protection of Markovianity in
the ϕ = pi/2 case is not anymore observed. Figure 6
shows the numerically-computed behavior of the mean-
value of the non-Markovianity quantifier NT versus dis-
order strength δ/κ, clearly showing the disappearance
of topological protection of Markovianity as the disorder
strength is increased above δ/κ ∼ 1.25.
Interestingly, such a result indicates that the transition
of the bath, as the disorder strength is increased, from a
quantum-Hall insulator to an Anderson insulator can be
probed by looking at the non-Markovianity of the two-
level system dynamics.
IV. CONCLUSIONS
In summary we presented a study of the decoherence
dynamics of a qubit embedded in a two- dimensional dis-
ordered quantum Hall-bath, here embodied by a coupled
cavity-array, in the weak- coupling regime, with a syn-
thetic gauge field. Thanks to this tunable synthetic gauge
field, it is possible to flip the bath from trivial to non-
trivial topological phase, in which the bath spectrum can
6normalized time κt
(b)(a)
|q
(t
)|
2
p
o
p
u
la
ti
o
n
normalized time κt
|q
(t
)|
2
p
o
p
u
la
ti
o
n
ϕ=0
ϕ=π/2
p
ro
b
a
b
ili
ty
 (
a
rb
 u
n
it
s
)
non-Markovian measure 
T 
0 1
x 10−3
0
500
1000
0 0.01 0.0150
200
400
non-Markovian measure 
T 
p
ro
b
a
b
ili
ty
 (
a
rb
 u
n
it
s
)
0.50.005
0 10 20 30 40 50 60 700
0.2
0.4
0.6
0.8
1
0 10 20 30 40 50 60 700
0.2
0.4
0.6
0.8
1
FIG. 4. (color online) Effect of disorder on the decay
dynamics and non-Markovianity quantifier NT in (a) the
topologically-trivial bath (ϕ = 0), and (b) in the quantum-
Hall bath (ϕ = pi/2). The upper panels show the numerically-
computed behavior of the upper-level population |q(t)|2 ver-
sus normalized time κt for 20 different realizations of disorder
of resonator resonance frequencies. δωn,m is assumed to be
a random number with zero mean and uniform distribution
in the interval (−δ, δ), where δ = κ is the disorder strength.
Other parameter values are ∆/κ = 0.2 and Ω/κ = −3/2.
The lower plots show the numerically-computed probabil-
ity distribution of the non-Markovian quantifier NT as ob-
tained for 1000 different realizations of disorder. Note that
in the topologically non-trivial bath sustaining chiral edge
states [histogram in panel (b)] the probability distribution is
squeezed toward NT = 0, indicating a high degree of Marko-
vianity protection
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FIG. 5. Same as Figure 4, but in the strong disorder regime
(δ = 5κ). In this case the quantum Hall bath becomes an
Anderson insulator and the topological protection of Marko-
vianity is not observed anymore.
shows a fractal structure, breaking time-reversal symme-
try of the model and leading to appearance of topolog-
ically non trivial energy-bands. In particular for ratio-
nal values of the Peierls’ phase the band split into mag-
netic sub bands with a wide family of topologically pro-
tected chiral edge states. In the absence of disorder the
decoherence dynamics is Markovian in both topological
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FIG. 6. Numerically-computed behavior of the mean value
of NT versus normalized disorder strength δ/κ. Squares and
circles refer to the topological trivial (ϕ = 0) and non-trivial
(ϕ = pi/2) phases, respectively. The mean values have been
computed after averaging over 300 realizations of disorder.
Other parameter values are ∆/κ = 0.2 and Ω/κ = −3/2.
phases, but while in the trivial phase the two-level atom
decay arises from the coupling with the bulk states of the
bath resonant with the emitter, in the non trivial phase,
the decay arises from the coupling with the chiral edge
states of the bath. When disorder is present in the form
of random cavity detuning, the bath exhibits Anderson
localization since all of its normal modes are localized.
On other hand when the bath is in the non trivial phase,
the chiral edge states result to be robust against local-
ization, protecting the Markovian behavior of system’s
dynamics.
Our results provide important physical insights into
the fields of topological order and decoherence in open
quantum systems, indicating that topological baths with
tunable topological properties in the presence of disorder
can provide a platform to control decoherence dynamics,
either enhancing or suppressing non-Markovian features.
ACKNOWLEDGMENTS
St.L. (Stefano Longhi) and Sa.L. (Salvatore Lorenzo)
acknowledge hospitality at IFISC UIB-CSIC, Palma de
Mallorca. G.G. acknowledges financial support from the
Maria de Maetzu Program for Units of Excellence in
R&D (MDM-2017-0711) and the CAIB postdoctoral pro-
gram.
[1] Zurek, W.H. Decoherence, einselection, and the quantum origins of the classical. Rev. Mod. Phys. 2003, 75, 715.
7[2] Breuer, H.-P.; Petruccione, F. The Theory of Open Quan-
tum Systems; Oxford University Press: Oxford, UK,
2002.
[3] Rivas, A.; Huelga, S.F. Open Quantum Systems. An In-
troduction; Springer: Heidelberg, Germany, 2011.
[4] Rivas, A.; Huelga, S.F.; Plenio, M.B. Quantum non-
Markovianity: characterization, quantification and de-
tection. Rep. Prog. Phys. 2014, 77, 094001.
[5] Breuer, H.P.; Laine, E.M.; Piilo, J.; Vacchini, B.
Non-Markovian dynamics in open quantum systems.
Rev. Mod. Phys. 2016, 88, 021002.
[6] de Vega, I.; Alonso, D. Dynamics of non-Markovian open
quantum systems. Rev. Mod. Phys. 2017, 89, 015001.
[7] Li, L.; Hall, M.J.W. ; Wiseman, H.M. Concepts of
quantum non-Markovianity: a hierarchy. Phys. Rep.
2018, 759, 1–51.
[8] Sapienza, L.; Thyrrestrup, H.; Stobbe, S.; Garcia, P. D.;
Smolka, S.; Lodahl, P. Cavity quantum electrodynam-
ics with Anderson-localized modes. Science 2010, 327,
1352–1355.
[9] Javadi, A.; Garcia, P.D.; Sapienza, L.; Thyrrestrup,
H.; Lodahl, P. Statistical measurements of quantum
emitters coupled to Anderson-localized modes in disor-
dered photonic-crystal waveguides. Opt. Express 2014,
22, 30992.
[10] Lorenzo, S.; Lombardo, F.; Ciccarello, F.; Palma, G.M.
Quantum non-Markovianity induced by Anderson local-
ization. Sci. Rep. 2017, 7, 42729.
[11] Lorenzo, S.; Ciccarello, F.; Palma, G.M. Non-Markovian
dynamics from band edge effects and static disorder. Int.
J. Quant. Inf. 2017, 15, 1740026.
[12] Anderson, P.W. Absence of Diffusion in Certain Random
Lattices. Phys. Rev. 1958, 109, 1492.
[13] Cosco, F.; Maniscalco, S. Memory effects in a quasiperi-
odic Fermi lattice Phys. Rev. A 2018, 98, 053608.
[14] Almeida, G.M.A.;. de Moura, F.A.B.F.; Apollaro, T.J.G;
Lyra, M.L. Disorder-assisted distribution of entangle-
ment in XY spin chains. Phys. Rev. A 2017, 96, 032315.
[15] Smirne, A.; Mazzola, L.; Paternostro, M.; Vacchini, B.
Interaction-induced correlations and non-Markovianity
of quantum dynamics. Phys. Rev. A 2013, 87, 052129.
[16] Cosco, F.; Borrelli, M.; Mendoza-Arenas, J.J.; Plastina,
F.; Jaksch, D.; Maniscalco, S. Bose-Hubbard lattice as
a controllable environment for open quantum systems.
Phys. Rev. A 2018, 97, 040101.
[17] Nagy, D.; Domokos, P. Nonequilibrium Quantum Criti-
cality and Non-Markovian Environment: Critical Expo-
nent of a Quantum Phase Transition. Phys. Rev. Lett.
2016, 115, 043601.
[18] Haikka, P.; Goold, J.; McEndoo, S.; Plastina, F.; Manis-
calco, S. Non-Markovianity, Loschmidt echo, and critical-
ity: A unified picture. Phys. Rev. A 2012, 85, 060101(R).
[19] Perczel, J.; Borregaard, J; Chang, D.E.; Pichler, H.;
Yelin, S.F.; Zoller, P.; Lukin, M.D. Topological quan-
tum optics in two-dimensional atomic arrays. Phys. Rev.
Lett. 2017, 119, 023603.
[20] Bettles, R.J.; Minar, J.; Lesanovsky, I.; Adams, C.S.;
Olmos, B. Topological properties of a dense atomic lattice
gas. Phys. Rev. A 2017, 96, 041603.
[21] Barik, S.; Karasahin, A.; Flower, C.; Cai, T.; Miyake,
H.; DeGottardi, W.; Hafezi, M.; Waks, E. A topological
quantum optics interface. Science 2018, 359, 666–668.
[22] Longhi, S. Quantum decay in a topological continuum.
Phys. Rev. A 2019, 100, 022123.
[23] Bello, M.; Platero, G.; Cirac, J.I.; Gonzalez-Tudela, A.
Unconventional quantum optics in topological waveguide
QED. Science Adv. 2019, 5, eaaw0297.
[24] Giorgi, G.L.; Longhi, S.; Cabot, A.; Zambrini, R.
Quantum probing topological phase transitions by non-
Markovianity. Ann. Phys. 2019, 531, 1900307.
[25] Thouless, D.J.; Kohmoto, M.; Nightingale, V; den Nijs,
M. Quantized Hall conductance in a two-dimensional pe-
riodic potential. Phys. Rev. Lett. 1982, 49, 405.
[26] Haldane, F. Model for a Quantum Hall Effect with-
out Landau Levels: Condensed-Matter Realization
of the Parity Anomaly. Phys. Rev. Lett. 1988, 61,
doi:10.1103/PhysRevLett.61.2015.
[27] Kane, C.; Mele, E. Z2 topological order and the quantum
spin Hall effect. Phys. Rev. Lett. 2005, 95, 226801.
[28] Bernevig, B.A.; Hughes, T.L.; Zhang, S.-C. Quantum
Spin Hall Effect and Topological Phase Transition in
HgTe Quantum Wells. Science 2006, 314, 1757.
[29] Hasan, M.Z.; Kane, C.L. Colloquium: Topological insu-
lators. Rev. Mod. Phys. 2010, 82, 3045.
[30] Bernevig, B.A.; Hughes, T.L. Topological Insulators and
Topological Superconductors; Princeton University Press:
Princeton, NJ, USA, 2013.
[31] Chiu, C.K.; Teo, J.C.Y.; Schnyder, A.P.; Ryu, S. Classi-
fication of topological quantum matter with symmetries.
Rev. Mod. Phys. 2016, 88, 035005.
[32] Asboth, J.K; Oroszlany, L.; Palyi, A.P. A Short Course
on Topological Insulators: Band Structure and Edge
States in One and Two Dimensions; Lecture Notes in
Physics; Springer International Publishing: 2016.
[33] Bansil, A.; Lin, H.; Das, T. Colloquium: Topological
band theory. Rev. Mod. Phys. 2016, 88, 021004.
[34] Wen, X.G. Colloquium: Zoo of quantum-topological
phases of matter. Rev. Mod. Phys. 2017, 89, 041004.
[35] Khanikaev, A.B.; Hossein Mousavi, S.; Tse, W.-K.; Kar-
garian, M.; MacDonald, A.H.; Shvets, G. Photonic topo-
logical insulators. Nat. Mater. 2013, 12, 233–239.
[36] Lu, L.; Joannopoulos, J.D.; Soljacˇic, M. Topological pho-
tonics. Nat. Photon. 2014, 8, 821–829.
[37] Ozawa, T.; Price, H.M. ; Amo, A.; Goldman, N.; Hafezi,
M.; Lu, L.; Rechtsman, M.C.; Schuster, D.; Simon, J.;
Zilberberg, O.; et al. Topological photonics. Rev. Mod.
Phys. 2019, 91, 015006.
[38] Goldman, N.; Budich, J.C.; Zoller, P. Topological quan-
tum matter with ultracold gases in optical lattices.
Nat. Phys. 2016, 12, 639–645.
[39] Zhang, D.-W. ; Zhu, Y.-Q.; Zhao, Y.X.; Yan, H.;
Zhu, S.-L. Topological quantum matter with cold atoms.
Adv. Phys. 2018, 67, 253–402.
[40] Yang, Z.; Gao, F.; Shi, X.; Lin, X.; Gao, Z.; Chong,
Y.; Zhang, B. Topological Acoustics. Phys. Rev. Lett.
2015, 114, 114301.
[41] Huber, S.D. Topological mechanics. Nat. Phys. 2016, 12,
621–623.
[42] Qi, X.-L.; Zhang, S.-C. Rev. Mod. Phys. 2011, 83, 1057–
1110.
[43] Morita, Y.; Ishibashi, K.; Hatsugai, Y. Transitions from
the quantum Hall state to the Anderson insulator: Fate
of delocalized states. Phys. Rev. B 2000, 61, 15952.
[44] Sheng, D.N.; Weng, Z.Y. New Universality of the Metal-
Insulator Transition in an Integer Quantum Hall Effect
System Phys. Rev. Lett. 1998, 80, 580–583.
[45] Xue, Y.; Prodan, E. Quantum criticality at the Chern-
to-normal insulator transition. Phys. Rev. B 2013. 87,
8115141.
[46] Werner, M.A.; Brataas, A.; von Oppen, F.; Zar, G. An-
derson localization and quantum Hall effect: Numerical
observation of two-parameter scaling. Phys. Rev. B 2015,
91, 125418.
[47] Li, J.; Chu, R.-L.; Jain, J.K.; Shen, S.-Q. Topological
Anderson insulator. Phys. Rev. Lett. 2009, 102, 136806.
[48] Groth, C.W.; Wimmer, M.; Akhmerov, A.R.; Tworzydo,
J.; Beenakker C.W.J. Theory of the Topological Ander-
son Insulator. Phys. Rev. Lett. 2009, 103, 196805.
[49] Meier, E.J.; An, F.A.; Dauphin, A.; Maffei, M.; Massig-
nan, P.; Hughes, T.L.; Gadway, B. Observation of
the topological Anderson insulator in disordered atomic
wires. Science 2018, 362, 929–933.
[50] Stutzer, S.; Plotnik, Y.; Lumer, Y.; Titum, P.; Lindner,
N.H.; Segev, M.; Rechtsman, M.C.; Szameit, A. Photonic
topological Anderson insulators. Nature 2018, 560, 461–
465.
[51] Umucalilar, R.O.; Carusotto, I. Artificial gauge field
for photons in coupled cavity arrays. Phys. Rev. A
2011, 84, 043804.
[52] Hafezi, M.; Demler, E.A.; Lukin, M.D.; Taylor, J.M.
Robust optical delay lines with topological protection.
Nat. Phys. 2011, 7, 907–912.
[53] Fang, K.; Yu, Z.; Fan, S. Realizing effective magnetic field
for photons by controlling the phase of dynamic modu-
lation. Nat. Photonics 2012, 6, 782–787.
[54] Hafezi, M.; Mittal, S.; Fan, J.; Migdall, A.; Taylor, J.M.
Imaging topological edge states in silicon photonics. Nat.
Photonics 2013, 7, 1001–1005.
[55] Longhi, S. Effective magnetic fields for photons in
waveguide and coupled resonator lattices. Opt. Lett.
2013, 38, 3570–3573.
[56] Liang, G.Q.; Chong Y.D. Optical Resonator Analog of a
Two-Dimensional Topological Insulator. Phys. Rev. Lett.
2013, 110, 203904.
[57] Mittal, S.; Fan, J.; Faez, S.; Migdall, A.; Taylor, J.M.;
Hafezi, M. Topologically Robust Transport of Photons
in a Synthetic Gauge Field. Phys. Rev. Lett. 2014, 113,
087403.
[58] Aidelsburger, M.; Nascimbene, S.; Goldman, N. Arti-
ficial gauge fields in materials and engineered systems.
Comptes Rendus Phys. 2018, 19, 394–432.
[59] Hey, D; Li, E. Advances in synthetic gauge fields for light
through dynamic modulation. R. Soc. Open Sci. 2018,
5, 172447.
[60] Owens, C.; LaChapelle, A.; Saxberg, B; Anderson, B;
Ma, R.; Simon, J; Schuster, D.I. Quarter-flux Hofstadter
lattice in qubit-compatible microwave cavity array. Phys.
Rev. A 2018, 97, 013818.
[61] Minkov M.; Savona, V. Haldane quantum Hall effect for
light in a dynamically modulated array of resonators. Op-
tica 2016, 3, 200–206.
[62] Goryachev, M.; Tobar, M.E. Reconfigurable Mi-
crowave Photonic Topological Insulator. Phys. Rev. Appl.
2016, 6, 064006.
[63] Cheng, X.; Jouvaud, C.; Ni, X.; Mousavi, S.H.; Genack,
A.Z.; Khanikaev A.B. Robust reconfigurable electromag-
netic pathways within a photonic topological insulator.
Nat. Mater. 2016, 15, 542–548.
[64] Shalaev, M.I.; Desnavi, S.; Walasik, W.; Litchinitser,
N.M. Reconfigurable topological photonic crystal. New
J. Phys. 2018, 20, 023040.
[65] Leykam, D.; Mittal, S.; Hafezi, M.; Chong, Y. D. Recon-
figurable Topological Phases in Next-Nearest-Neighbor
Coupled Resonator Lattices. Phys. Rev. Lett. 2018, 121,
023901.
[66] Mittal, S.; Orre, V.V.; Leykam, D.; Chong, Y.D.; Hafezi,
M. Photonic Anomalous Quantum Hall Effect. Phys. Rev.
Lett. 2019, 123, 043201.
[67] Breuer, H.P.; Laine, E.M.; Piilo, J. Measure for the De-
gree of Non-Markovian Behavior of Quantum Processes
in Open Systems. Phys. Rev. Lett. 2009, 103, 210401.
[68] Z. He, Zou, J; Li, L.; Shao, B. Effective method of cal-
culating the non-Markovianity N for single-channel open
systems. Phys. Rev. A 2011, 83, 012108.
[69] Harper, P.G. Single band motion of conduction electrons
in a uniform magnetic field. Proc. Phys. Soc. Lond. A
1955, 68, 874.
[70] Hofstadter, D. Energy levels and wave functions of Bloch
electrons in rational and irrational magnetic fields. Phys.
Rev. B 1976, 14, 2239.
